Background
Borel's regulator is seen as a generalization of Dirichlet's regulator to higher K-theory. The definition of Dirichlet's regulator is given as follows. Let k be a number field, and  its ring of integers, with group of units  × . Dirichlet introduces a map ρ :  × → R r1+r2 , where r 1 and 2r 2 are the number of real (resp. complex) embeddings of k in its algebraic closure. The image is contained in a hyperplane H, which contains ρ( × ) as a lattice. That is, one has an isomorphism
and the rank of  × is r 1 + r 2 − 1. The covolume of this lattice,
is called Dirichlet's regulator. By the class number formula, this number R D connects the class number h and roots of unity w with a limiting value of Dedekind's zeta function ζ(s). More specifically,
The definition of Dedekind's zeta function involves local data at the primes of . Thus this formula illustrates in a nontrivial way, the local to global principle. In the direction of generalization, the units  × are the same thing as the algebraic K-group K 1 (). Borel introduced regulator maps r Bo on the higher K-groups K 2p−1 () for p ≥ 2, and arrived at a generalization of the formula in ( * ), expressed as the covolume R Bo,p of r Bo (K 2p−1 ()) with respect to a lattice of rank d p : = rank(r Bo (K 2p−1 ()), taking the form
[For technical reasons, the Borel regulator r Bo is a renormalized version of Borel's original definition.]
For a smooth algebraic variety X defined over R (for example a smooth complex variety X, viewed over R via X → Spec(C) → Spec(R)), and from the Chern character map for higher K-theory, Beilinson introduces regulator maps from certain graded pieces of the K groups of X (with respect to the γ-filtration), called Absolute cohomology, to real Deligne cohomology. In the special instance where X = Spec(), and where we put
where H 1  (X /R ,R(p)) is real Deligne cohomology, and where it is known that r Be ⊗ R is an isomorphism. The point is that it is known that H 1  (X /R ,R(p)) has a natural Qstructure, and with respect to this Q-structure, the Beilinson regulator is given by R Be,p = det(Im(r Be )). Since this value is defined only up to a Q × multiplicative factor, one introduces a natural lattice in H 1  (X /R ,R(p)) and correspondingly defines R Be,p in terms of a covolume with respect to this lattice. For number fields, Beilinson conjectures that
Thus if these regulators coincide, then Borel's theorem is a particular case confirmation of Beilinson's conjectures. In [Be] , Beilinson claims and sketches a proof that r Be and r Bo coincide. The point of this book is to provide all the necessary ingredients in the proof that these regulators coincide up to a factor of two, namely r Bo = 2r Be .
The Book Under Review
The comparison of these two regulators is given in the final chapter of this book, where the definition of Beilinson's regulator is given. This follows the definition of Borel's (renormalized) regulator in the previous chapter. The preceeding chapters are aimed at providing the necessary background to understand the proof. In the words of the author, "One of the difficulties a beginner may have in studying this topic is the maze of cohomology theories used and the different results from algebraic topology and Lie group theory needed". To this end, the author provides a breezy introduction to several topics, such as simplicial sheaves, Hopf algebras, Chern-Weil theory, Lie algebra cohomology and continuous group cohomology. Chapters 7 to 10 contain the heart of the work, beginning in chapter 7 with theory of cosimplicial algebras and small differential graded algebras, as introduced by Beilinson. This chapter follows [Ra] rather closely. One of the main ingredients for the comparison is the van Est isomorphism in chapter 8. As mentioned above, chapters 9 and 10 define the main ingredients (the two regulators), and the proof that they coincide. In summary, this book is a nice piece of work that provides the first complete detailed proof that these two regulators coincide. It is reasonably selfcontained, and should be regarded as recommended reading for anyone willing to learn this subject.
